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A time-varying Koopman operator (TVKO) is presented to study the nonlinear coupled
dynamics between structural dynamics, heat transfer, and hypersonic aerothermodynamics,
viz. AeroThermoElasticity (ATE). TVKO can be considered as an extension of the classical
time-invariant Koopman operator (TIKO). It utilizes a subspace realization method known as
the time-varying Eigensystem Realization Algorithm (TVERA) to approximate the underlying
nonlinear model as a time varying linear model in a lifting space from time histories of input-
output data. A benchmark model depicting the complex ATE dynamics for the flutter of a
heated panel is considered to show the efficacy of the presented approach. The numerical
experiments performed demonstrate the accuracy of the presented approach in capturing the
bifurcation behavior in limit cycle oscillations due to variations in dynamic pressure.

I. Introduction
Air-breathing hypersonic vehicles are under increasingly active development in the recent years [1, 2]. This class

of vehicles are expected to operate at high Mach number in the atmosphere for the entire mission profile that can
last for 30 minutes or longer. Due to the high speeds and the resulting extreme aerothermodynamic environment,
it is well-known to the community that the coupling between the structural dynamics, heat transfer, and hypersonic
aerothermodynamics, viz. aerothermoelasticity (ATE), constitutes the core subsystem governing the operation of a
hypersonic vehicle. However, due to the current limited capability of ground tests and the lack of available flight test
data, there is a significant degree of uncertainty associated with the ATE modeling of hypersonic vehicles and limited
ability to alleviate this uncertainty through experimental testing [3–5]. Significant algorithmic development is required
to identify, quantify, and propagate these stochastic effects and model errors through a time-dependent, high-dimensional
state space, as is the case for hypersonic ATE analysis. The predictive aerothermoelastic capability with uncertainty
over extended flight time is a key ingredient for analyzing performance, stability, and reliability of hypersonic vehicles.

Currently, the aerothermoelastic analysis is typically performed using an aerothermal surrogate coupled to nonlinear
finite element (FE) models for structural dynamics and heat transfer, i.e. the thermoelastic solver [6–8]. The nonlinearity
in the FE models is critical for capturing the bifurcation-induced instabilities in ATE responses, such as buckling and
panel flutter. The uncertainty quantification and propagation in a nonlinear thermoelastic model is challenging in
general, especially in the presence of bifurcations. As a step towards efficient uncertainty quantification in ATE analysis,
we propose to derive a linear reduced-order model (ROM) using a recently-developed system identification formalism.
These ROMs act as high-dimensional nonlinear thermoelastic solvers in conventional ATE analysis, while retaining the
bifurcation characteristics of the original system. Once such a linear ROM becomes available, the UQ of ATE analysis
over extended time will become tractable.

Recent advances in nonlinear system identification have used the Koopman operator theoretic approach to obtain
precise predictions of a nonlinear dynamical system as the output of a truncated linear dynamical system. The main idea
behind Koopman operator theory [9, 10] is to lift the nonlinear dynamics into a higher dimensional space where the
evolution of the system is linear. The resulting operator, called the Koopman operator, is a infinite-dimensional linear
operator that governs the evolution of scalar functions, i.e. the measurements of the nonlinear system. Even though the
core challenge of the Koopman operator theoretic approach is to specify (directly or indirectly through decompositions)
the Hilbert space of measurement functions of the state of the system, the theory has been applied for uncontrolled
[11, 12] and controlled systems [13, 14] with promising results using popular subspace realization methods such as
dynamic mode decomposition (DMD) and its extensions [15]. Since then, DMD has had countless other variants with
some of the most popular being Regular-DMD [16], Exact-DMD [17], and Extended-DMD (eDMD) [18].
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Non-eDMD methods attempt to find the best-fit linear model which advances measurements forward one time step.
Constructing the Koopman operator from these linear measurements, however, is often not “rich” enough for some
nonlinear systems. Unlike non-eDMD methods, eDMD instead uses nonlinear measurements of the state based on a
predetermined dictionary. However, eDMD truly only approximates the Koopman operator projected onto the chosen
dictionary of functions [13]. In fact, if the chosen lifted space is not a Koopman-invariant subspace, eDMDmay produce
some illegitimate spectral elements. It has been shown for systems with multiple fixed points that directly includes the
raw state measurement in the DMDmodel will effectively nullify the possibility of finding a finite-dimensional Koopman
subspace [14]. More importantly, the resulting linear operator is a local approximator of the nonlinear dynamical system
valid in the neighborhood of a nominal point and the domain of validity of this local linear approximation improves
as the dimension of the lifting space is increased. However, one may need a very large dimensional lifting space to
accurately capture the flow of the underlying nonlinear system.

An alternative to improve the validity region of the Koopman operator and curtail the dimension of the lifting space
is to consider the linearization of the nonlinear flow about a nominal trajectory of the nonlinear system rather than a
nominal point. The linearization about a nominal trajectory leads to a linear time-varying (LTV) system as opposed to
a linear time-invariant (LTI) system for the conventional Koopman operator. However, LTV systems exhibit distinct
properties, as compared to the shift invariance exhibited by LTI systems. All the subspace methods for LTI system
identification exploit the fact that an infinity of system realizations exist and actually share the same Markov parameters
(also known as system impulse response functions) and the eigenvalues of the state transition matrix. However, no such
property exists for the LTV system. The lack of similarity transformations handicap the application of conventional
subspace methods such as DMD to identify LTV systems. The literature in linear time varying system identification
[19–26] is limited as compared to LTI system identification by the fact that there are no approaches to find similarity
transformations between the model sequences. In our earlier work [24, 25], it is shown that there exist special reference
frames, in which the identified models are similar to the true model, i.e., state transition matrices share the same
eigenvalues. Using this key result the realizations can be compared across different data sets. This forms the basis
for spectral characterization of the time varying systems and the resulting algorithm is known as the time-varying
eigensystem realization algorithm (TVERA). By exploiting the TVERA formulation in conjunction with the idea of a
lifted measurement space, this manuscript describes the procedure to derive a time-varying Koopman operator (TVKO)
[27].

This paper aims to demonstrate the capabilities of the TVKO approach to provide a LTV model to reproduce the
aerothermoelastic response of a hypersonic vehicle. This eventually will enable accurate hypersonic aerothermoelastic
analysis and control with tractable computational cost. Specifically, the objectives are,

1) Present the TVERA algorithm for obtaining linear ROMs from measurements of nonlinear systems,
2) Benchmark the capabilities and performance of the TVKO and TIKO (time-invariant Koopman operator) models

using an academic problem such as the analytical heated panel flutter model.
3) Apply the reduced-order modeling algorithms to perform bifurcation analysis of the flutter problem.

The paper’s organization is as follows: Section II introduces the Koopman operator theory for autonomous systems
in a time-varying setting. Section III provides a detailed description of the implementation procedure to obtain an
approximation of this time-varying operator. To validate the developed approach, Section IV considers a numerical
simulation involving the nonlinear dynamics of a simple heated panel model.

II. Problem Statement
Let’s consider a parametric initial value problem in a state space form

¤x = f (C, x; u), x(0) = x0, (1)

where x ∈ R= is the state of the system (also usually the unknown minimal set of variables needed to describe the
evolution of the system) and f is a function of a vector field that describes how the system changes at a given state in
time, and u ∈ R< is the bifurcation parameter. The basic idea of TVERA is to generate time-varying linear models for
the nonlinear system for each set of fixed parameters; for new parameters, an interpolation is required to generate the
corresponding new linear models. In this section, the general Koopman operator theory for an autonomous system is
first described; subsequently, the general theory is presented in a form amenable for TVERA development.
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A. Koopman Operator for Autonomous Systems
First, the basic properties of the continuous-time Koopman operator are discussed. Consider an autonomous

nonlinear dynamical system,
¤x = f (x(C)), x(0) = x0 (2)

where C ∈ R, x ∈ X ⊆ R=, f : X → R=. Assuming the system has a unique solution, and consequently its inverse,
existing over any time interval, Eq. (2) has an associated continuous-time flow map F2 defined in Eq. (3a) and satisfies
group properties defined in Eq. (3b), where FC

2 : X→ X.

x(C) = FC
2 (x0) = x0 +

∫ C

0
f (x(C))3C (3a)

∀C, B ∈ R, FC
2 ◦ FB

2 ( · ) = FC+B
2 ( · ), F02 ( · ) = I, (3b)

The continuous-time Koopman operator K2 is defined generally as an infinite-dimensional linear operator that
advances some complex-valued measurement function j : X→ C through,

j(xC ) = K C
2j(x0) = j ◦ FC

2 (x0) (4)

whereK C
2 : F → F , and j(x) is a measurement function in the Hilbert space F . Eq. (4) defines the Koopman operator

as a unitary infinite-dimensional linear operator acting on the measurement functions. It is also important to note that
the Koopman operator is a member of the continuous one-parameter unitary group of operators {K C

2}C ∈R generated by
the Koopman generator * defined by Eq. (5a), provided the limit exists [28]. The Koopman operator in this setting is
also said to satisfy the group properties defined in Eq. (5b),

*j = lim
ΔC→0

KΔC2 j − j
ΔC

= lim
ΔC→0

j ◦ FΔC2 − j
ΔC

, (5a)

∀C, B ∈ R, *C ◦*B ( · ) = *C+B ( · ), *0 ( · ) = I (5b)

If the measurement functions are differentiable, Eq. (5a) indicates that the Koopman generator applied to a measurement
function j is the time derivative of the measurement, ¤j, and

*j =
3

3C
j(x(C)) = 3j

3x

3x

3C
= f (x) ·∇x j. (6)

Note that in general, the Koopman generator may have a continuous spectrum, which effectively makes the system
dynamic chaotic and challenging for ML-based approximations. In this study, it is assumed that the Koopman
generator has a spectrum dominated by discrete eigenvalues, which is practical for many engineering applications
[29–32]. The assumption indicates that the Koopman generator can be decomposed spectrally into a fixed set of
eigenvalue-eigenfunction pairs (_8 , k8),

*k8 = _8k8 . (7)
where _8 ∈ C, k : X→ C, k ∈ F , and 8 = 1, 2, ..., ^ or ∞. If the eigenfunctions of the Koopman generator are used
as the measurement functions, then the dynamics of the linear system Eq. (4), i.e. the Koopman operator, is solely
determined by the eigenvalues.

With the discussion of the continuous-time Koopman operator, it is natural to introduce its discrete-time counterpart.
First, let L be the discrete-time flow of the dynamical system that maps the state from one time to the other, with a time
step size ΔC

x:+1 = L(x: ) (8)

with x: = x(:ΔC). Let 6(x) be a set of measurements in the Hilbert space F , the infinite-dimensional Koopman
operator K provides a linear operator for the transition of these measurements forward in time, i.e.,

6:+1 = K 6: , (9)

where

6: =


j1
:

j2
:
...

 = 6(x: ) (10)
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Each j8
:
= j8 (x: ), 8 = 1, 2, . . ., is assumed to be observable in F . Note that Eq. (9) provides an infinite dimensional

LTI system version of the nonlinear flow of Eq. (8) in the measurement space F . Since 6:+1 = 6(x:+1) = 6(L(x: )),
one can write

K 6: = 6: ◦ L. (11)

The continuous-time and discrete-time Koopman operators are connected by

K = KΔC2 (12)

and by Koopman-Kolmogorov theorem [33] the eigenvalue-eigenfunction pairs of the discrete-time Koopman operator
are (4_8ΔC , k8).

Kk8 = KΔC2 k8 = 4
_8ΔCk8 (13)

The Koopman operator is shown to fully capture all properties of the underlying nonlinear dynamical system,
provided that the state vector x: is observable from the lifted space measurements generated by 6: [11, 12], with a trading
between nonlinear dynamics in a finite-dimensional space and linear dynamics in a potentially infinite-dimensional
lifted space. Figure 1 offers a general view of the Koopman operator theoretic framework.
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Fig. 1 Global representation of the Koopman operator theoretic framework

B. Time-varying Koopman Operator
Though the Koopman operator is usually infinite dimensional, the measurement vector 6: is truncated to finite

dimension # >> = for numerical simulation purposes. In order to obtain a linear prediction model, the following
structure for 6: is assumed:

6: (x: ) =
[

x:

�(x: )

]
. (14)

where �(x: ) represents the mapping of the dynamical system states in the lifted space. In TVERA, the states of the
nonlinear system, x: , are included as the first = components of 6: , leading the dynamical system of Eq. (9) to be fully
observable at each time step. Now, the problem of finding the Koopman operator can be restated as the identification of
the following LTI system given the time histories of 6: :

z:+1 = �z: (15)
6̂: = �z: (16)
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Generally, z: is assumed to be a #-dimensional hidden state vector corresponding to the Koopman dynamics, however,
one can also estimate the dimension of z: as part of the identification process. 6̂: is the estimated measurement vector
and the estimate for the state of the nonlinear system, denoted by x̂: , can be extracted from the first = components
of 6̂: . The observable pair of unknown system matrices (�,�) is found such that the norm of the measurement
error ‖6: − 6̂: ‖ is minimized. Conventional subspace decomposition methods such as the Eigensystem Realization
Algorithm (ERA) [17, 34, 35] or Dynamic Mode Decomposition (DMD) [16, 36, 37] are used to provide an observable
realizations for the system matrices (�,�), hence performing a linearization about a single point of the dynamical
system in the lifted space. In earlier work [11–15], it is shown that the state prediction error improves as the dimension
of the lifted space, # is increased. Generally, # needs to be much larger than state dimension = for the Koopman
operator to provide a good prediction of the system states.

In this work, a time-varying Koopman operator is developed as an alternate means to increase the prediction accuracy
for a fixed dimension of the lifted space, i.e.,

6:+1 = K: 6: . (17)

The identification of a time varying Koopman operator corresponds to finding a LTV system in the lifted space such that

z:+1 = �: z: (18)
6̂: = �: z: . (19)

Development of methods for time-varying systems have involved recursive and fast implementations of time invariant
methods by exploring structural properties of the input–output realizations [38] or by generalizing several concepts
in classical linear time invariant system theory consistently [19, 20]. More recent efforts [26] have concentrated on
extending LTI subspace realizations methods by considering moving time windows and weighting factors on the data
sequence or introducing explicit parameters to take into account the time-varying amplitude of the corresponding modes
during the decomposition phase of the algorithm [39]. However, these efforts suffer from the lack of a method to find
similarity transformations between the model sequences for LTV systems, as well as to relate the identified model to the
true linear dynamics. If there were different coordinate systems defined by the Lyapunov transformation w: = ): z:
whose state space realization is given by w:+1 = �:w: , along with 6̂: = �:w: , then the realizations �: , �: are NOT
similar. This is in sharp contrast to the LTI theory, where a variety of realizations (all infinity of them, that share the
same Markov parameters) share the same spectrum. In Refs [24, 25], it is shown that there exists special reference
frames in which the models are similar, i.e., �̃: , �̃: share the same eigenvalues. This special reference frame can be
determined from observability matrices corresponding to different realizations of the system matrices. The resulting
algorithm is known as TVERA and the next section discusses its application to obtain the time-varying Koopman
operator.

III. Identification of the time-varying Koopman operator from Data
This section details the TVERA algorithm to obtain a time-varying Koopman approximator for a nonlinear system

response from the time history of measurements in the lifted-space obtained from repeated experiments. In this
development, it is assumed these experiments are associated with the same fixed bifurcation parameter. The idea
of repeated experiments has been introduced in [21, 40] and presented as practical methods to realize conceptual
time-varying state space model identification strategies. From a perspective of generalizing the LTI subspace methods to
the case of time-varying systems, a time-varying version of ERA has been developed in [24]. Additionally, it has been
showed that the generalization thus made enables the identification of time-varying plant models that are in arbitrary
coordinate systems at each time step and a time-varying transformation is derived to convert system states at different
time into one common frame if necessary. This section summarizes the key ideas of the TVERA algorithm and one
should refer to [24] for more details on TVERA.

To get insight into the TVERA process, let us consider the solution of the difference equation of Eq. (17)

6: = �:Φ(:, 0)z0 (20)

where Φ(:, 8 + 1) is the state-transition matrix defined as

Φ(:, :0) =


�:−1�:−2 . . . �:0 for : > :0,
� for : = :0,
undefined for : < :0.

(21)
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The method for computing the system matrices using a set of experimental data {6#8}8=1..< (free response experiments)
involves the construction of the matrix Ñ

(?,<)
: ,

Ñ
(?,<)
: =


6#1
:

6#2
:

· · · 6#<
:

6#1
:+1 6#2

:+1 · · · 6#<
:+1

...
...

. . .
...

6#1
:+?−1 6#2

:+?−1 · · · 6#<
:+?−1


= U (?)

:
` (<)
:
, (22)

where U (?)
:

is the observability matrix at time :

U (?)
:

=



�:

�:+1�:

�:+2�:+1�:

...

�:+?−1�:+?−2 . . . �:


, (23)

and ` (<)
:

is a state variable ensemble matrix at time ::

` (<)
:

=

[
Φ(:, 0)z#10 Φ(:, 0)z#20 · · · Φ(:, 0)z#<0

]
∈ R#×<. (24)

The state variables z#10 , z
#2
0 , . . . , z

#<
0 are simply the initial conditions from where the free response experiments are

derived. The parameter ? and the number of free response experiments < are chosen such that the matrix Ñ
(?,<)
:

retains the rank # , the dimension of the lifted space of measurements. Indeed, if ?# ≥ # and < ≥ # , matrices U (?)
:

and ` (<)
:

are of rank maximum # (equal to # for ` (<)
:

). If the system is observable, the block matrix U (?)
:

is of rank
exactly # and so is Ñ (?,<): . Identifying the number of dominant singular values of the Hankel matrix will thus provide
an indication about the unknown order of the reduced model to be identified. If the rank of the Hankel matrix is less
than # , it will then be equal to the rank of the completely observable subspace. Differing ranks are possible for this
generalized time-varying matrix Ñ

(?,<)
: at every time step for the variable state dimension problem. In this work, it is

assumed that the dimension of the lifted space does not change with the time index. However, this assumption can be
relaxed without much difficulty.

As for the general procedure in ERA or TVERA, the singular value decomposition of Ñ (?,<): allows for the
identification of the current observability and ensemble matrices,

Ñ
(?,<)
: = [:�:\

ᵀ
:
=

[
[ (# )

:
[ (0)

:

] [� (# )
:

0
0 � (0)

:

] [
\ (# )

:

ᵀ

\ (0)
:

ᵀ

]
(25a)

= [ (# )
:

� (# )
:

\ (# )
:

ᵀ
+[ (0)

:
� (0)
:

\ (0)
:

ᵀ︸            ︷︷            ︸
'0

(25b)

' [ (# )
:

� (# )
:

\ (# )
:

ᵀ
(25c)

where the approximation at a given time step : is made possible by rejecting the small singular values. Indeed, some
singular values of �: may be relatively small and negligible, in the sense that they contain more noise information
than system information. Hence, the approximation[ (0)

:
� (0)
:

\ (0)
ᵀ
: ' 0 (truncation of nonzero small singular values) is

to account for noise in the data and for quantitatively partitioning the realized model into principal and perturbation
(noise) portions so that the noise portion can be disregarded. In other words, the directions determined by these singular
values have less significant degrees of observability relative to noise. The derived model of order # after deleting these
singular values is then considered as the robustly observable part of the realized system. In terms of the corresponding
observability and state variable ensemble matrices,

Ñ
(?,<)
: = [ (# )

:
� (# )
:

\ (# )
:

ᵀ
= U (?)

:
` (<)
:
⇒

 U (?)
:

= [ (# )
:

� (# )
:

1/2

` (<)
:

= � (# )
:

1/2
\ (# )

:

ᵀ . (26)
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The same procedure at time step : + 1 will lead to

Ñ
(?,<)
:+1 = [ (# )

:+1�
(# )
:+1\

(# )
:+1
ᵀ
= U (?)

:+1`
(<)
:+1 ⇒

 U (?)
:+1 = [ (# )

:+1�
(# )
:+1

1/2

` (<)
:+1 = � (# )

:+1
1/2

\ (# )
:+1
ᵀ . (27)

Note that the state variable ensemble matrix ` (<)
:+1 at time : + 1 is related to the state variable ensemble matrix ` (<)

:
at

time : by

` (<)
:+1 = �:`

(<)
:

(28)

which leads to the estimate

�̂: = ` (<)
:+1`

(<)
:

†
(29)

for the time-varying state matrix. The calculation of the corresponding �̂: is accomplished by setting

�̂: = U (?)
:
[0 : #, :] . (30)

Finally, in case the initial condition of the signal of interest is not part of the state variable ensemble at time 0, ` (<)0 , one
needs to identify the initial condition with an additional development. Writing the general expression of the output at
the initial time for an additional ? more time steps, one obtain a set of equations that can be written in a matrix form as

6 (?)0 = U (?)0 z0 (31)

with

6 (?)0 =


60
61
...

6?−1


, U (?)0 =



�0

�1�0

�2�1�0
...

�?−1�?−2 . . . �0


. (32)

Eq. (31) can be solved using the least-squares solution:

ẑ0 = U (?)0
†
6 (?)0 . (33)

This methodology based on TVERA allows one to construct a time-varying version of the Koopman operator for
identifying the system matrices for an uncontrolled dynamical system. It is shown in [24] that the identified time-varying
plant models that are in arbitrary coordinate systems at each time step are compatible with one another, owing the fact
that they belong to the same set of experiments, hence suitable for state propagation.

IV. Numerical Simulations
This section aims to demonstrate the efficacy of the proposed approach for identifying a reduced-order model

(ROM) of a nonlinear aerothermoelastic simulation. Following previous work [27], a ROM is built for a coupled
thermal-structural response for the flutter of a panel with prescribed increasing temperature. This numerical simulation
allows us to demonstrate the capability of the developed algorithm on a low order model where the measurements are of
low dimension.

The true unknown dynamical model capturing the flutter of a heated panel is given as [41]:

1
2
c4@1 (C) − 5c2') @1 (C) +

5
4
c4@31 (C) −

4
3
_@2 (C) + 5c4@1 (C)@22 (C) +

1
2

√
_`

"
@′1 (C) +

1
2
@′′1 (C) = 0, (34a)

4
3
_@1 (C) + 8c4@2 (C) − 20c2') @2 (C) + 5c4@21 (C)@2 (C) + 20c

4@32 (C) +
1
2

√
_`

"
@′2 (C) +

1
2
@′′2 (C) = 0. (34b)
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where @1 and @2 are structural modal coordinates, _ is the dynamic pressure quantifying the aerodynamic loading, `
is the mass ratio quantifying the aerodynamic damping effect, ') is the in-plane force due to the thermal stress. In
general, when ') = 0, there is a critical value _2A , such that the panel stays stable when _ < _2A , but enters limit cycle
oscillation (LCO) when _ > _2A . When ') > 0, the critical value _2A still exists. However, the panel may become
statically buckled or enter chaotic response instead of being stable, when _ < _2A . In this example, it is assumed that
') = 0 and the response of the panel is studied for a range of _ between 260 and 300. Additionally, the mass ratio and
Mach number are set to ` = 0.01 and " = 5.

For this simulation, it is desired to assess the capabilities of the time-varying Koopman operator obtained using the
TVERA algorithm described in the previous section. Three different cases are considered corresponding to different
orders of lifting functions to approximate the true infinite-dimensional Koopman operator with finite dimension, both
for time-invariant and time-varying operators:

1) Case 1: state alone, i.e. linear basis functions in @1, @2, @′1 and @
′
2

2) Case 2: basis function up to degree 2 in @1, @2, @′1 and @
′
2

3) Case 3: basis functions up to degree 3 in @1, @2, @′1 and @
′
2

The measurement data is simultaed at a frequency of 100 Hz, i.e., a time step size of 0.01s, for 10 seconds. Training
trajectories are simulated by random sampling of initial deviation from a zero mean Gaussian distribution with standard
deviation of 0.0001 from the nominal initial condition q(0) =

[
0.001 0 0 0

]ᵀ
. For the Hankel matrix in Eq. (22)

to be full rank, the number of experiments < needs to be greater than the augmented dimension # of z: . Since # is at
maximum 34 for Case 3, a number of experiment < = 100 > # is chosen. Simulations are performed for 260 ≤ _ ≤ 300
with a step size of 1; hence a Koopman operator is derived for each value of _.

Figures 2a to 2e and 3a to 3e show the identification capabilities of both the time-invariant Koopman (TI Koopman)
and time-varying Koopman (TV Koopman) operators to reproduce the amplitude of the deformation modes of the panel.
While the TI Koopman operator performs well before the bifurcation occurs (_ < 280), it degrades when the amplitude
of the LCO increases. Particularly the model fails to capture the transient response of the panel that transitions from
initial condition to LCO. On the other hand, the TVERA procedure is able to provide a linear time-varying operator that
approximates the dynamics of the nonlinear system for all values of _.

The RMS errors are presented in Figure 4 for both operators for the three cases. From Fig. 4, it is clear that the
accuracy of the time-invariant as well as time-varying Koopman operators improves when the lifting degree increases.
Furthermore, the TV Koopman operator provides from one to two (for large oscillations) up to five (for small oscillations)
orders of magnitude better prediction accuracy than the prediction errors corresponding to the conventional TI Koopman
operator. While the accuracy of the TI Koopman operator for lifted degree 3, i.e., test case 3 is comparable to actual
linearization of the nonlinear equations of motion, the prediction accuracy corresponding to the TV Koopman operator
is much better than its TI counterpart for lifted degree 3.

Figure 5 presents the bifurcation plot corresponding to the panel flutter problem. To generate Fig. 5, TV Koopman
approximators of order 3 are calculated for each value of _ between 260 and 300. If models for some values of _ are not
available, interpolated values are calculated from the two adjacent models. This method shows a very good agreement
between the identified, the interpolated and the true values because amplitude of the LCO is calculated once the transient
regime has vanished and the oscillatory regime settled.

There is an additional consideration for the computational efficiency of the method. To achieve sufficient accuracy,
the learning of the TV Koopman operator requires trajectories that march long time beyond the onset of the LCO, so that
the LCOs reach a steady state. The long time trajectory results in the computation of repeated TV Koopman operators
in the invariant phase space of the LCO. To avoid such repeatitions, a library consisting of system matrices as well as
the associated trajectory of the reduced order model is built from a few LCOs. Further oscillations can be predicted by
propagating the state using state matrices from the library. The selection of system matrices at each step requires one to
solve an optimization problem where the norm of the distance between the actual measurement vector at time : and the
measurement vector from values available in the library is minimized. The resulting index will allows one to select the
optimal system matrices and propagate the state for the next time step. Figure 6 summarizes the overall procedure.

V. Conclusion and Future Work
A time varying Koopman operator (TVKO) is presented to study the aerothermoeleastic analysis for a hypersonic

flow. In particular, the flutter dynamics of a heated panel in a hypersonic flow is considered. A subspace identification
method known as time-varying eigensystem realization algorithm (TVERA) is used to derive a finite dimensional
approximation for the TVKO. The TVKO is shown to be consistent at each time step, hence suitable for state propagation.
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Numerical experiments corresponding to the flutter of a heated panel shows that the TVKO is able to capture the
bifurcation with a good accuracy. Numerical results clearly show the improved performance of the TVKO approach as
compared to conventional time-invariant Koopman operator. Additionally, a method is proposed to predict the state
of a trajectory once the limit cycle oscillation regime has settled based on previous values of the system matrices in
an invariant phase space. In future research work, the performance of the TVKO will be evaluated for a high-fidelity
aerothermoelastic model of a skin panel.
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